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INTRODUCTION
Information technologies and computers with different software packages, by means of which it is pos
sible to solve many problems connected with the calculation of an electromagnetic field for specified ini
tial and boundary conditions, have rapidly penetrated in modern science. Further development of mag
netic methods for nondestructive testing (MMNDT) is certainly associated with new computer software
packages and contemporary methods for processing measurement results. It is necessary to use the max
imum of these possibilities for determining the geometric parameters of a defect via a measured magneto
static field.
It is an urgent task to solve the inverse problem of magnetostatics. It would be ideal to learn how to
determine the parameters of a defect, i.e., the length, depth and width, and depth of defect occurrence,
with respect to the surface of a manufactured article, via a field measured at multiple points outside the
monitored product.
In general terms, the field of a magnetized ferromagnetic magnet can be represented as
(1)
When magnetization at the point r0 depends unequivocally on a field at the same point, the direct prob
lem is described by Eq. (1) and has one unknown quantity, that is, the field, since the surface that bounds
the volume of a ferromagnetic material is known. However, only a field that is measured out of a ferromag
net is known when solving the inverse problem, but the shape of a defect and its geometric parameters are
unknown. Hence, Eq. (1) has two unknowns, i.e., the field and defect surface. Therefore, the inverse
problem in this formulation cannot be solved. This issue will be addressed in detail in the next section of
this paper.
A large number of studies [1–15] have been devoted to solving the inverse problem. Numerical analysis
of the magnetic field configurations of the ferromagnetic objects of limited length, which have surface and
subsurface defects, was performed in [12, 13] by the method of spatial integral equations. As claimed by
the authors, that results that are obtained by this method can be used in solving inverse problems of defec
toscopy. To determine the parameters of defects, the authors of [14] made use of systems of regression
equations and attempted to increase the accuracy in the estimation of defect sizes by dividing the set of
defects into subclasses. However, the fundamentally important issue of the formulation of the inverse
problem was discussed in none of the above works. For this reason it is expedient to examine the formula
tion, issues, and solutions of the inverse problem.
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1. DIRECT AND INVERSE PROBLEMS
Direct problems always describe causeandeffect relationships. The accuracy of this description
depends on the accuracy and depth of comprehension of the physics of running processes. The direct
problem can be written as the following equation:
Az(s, x) = u(x), (2)
where A is some known operator, for example, the integral with respect to the variable s; z(s, x) is a known
function; and u(x) is a function that should be calculated.
The equation of the inverse problem is also of the form (2), but u(x) is a known function in it and z(s,
x) is an unknown function that should be calculated.
Nominally, an equation of the inverse problem can be written in the form
z(x) = A–1u(x), (3)
where A–1 is the inverse operator of A.
It may seem that these two formulations are completely equivalent, but they are not. Let A be the dif
ferential operator d/dx. No matter how complicated the function f(x) is, we always can find its derivative.
The operator inverse to the operator of differentiation is an integral, which is not always possible to calcu
late by any means. This paradigm demonstrates the pure computational difference between the direct and
inverse problems, but they are both correct in the given example.
The incorrectness of inverse problems that are considered in geophysics and other areas of physics is
connected, first of all, with the inaccuracy of the measurements and unsteadiness of the solution. Even
small inaccuracies in measuring the values that are associated with the presence of noise, can give rise, for
example, to very large differences in a solution. This may lead to the fact that the result will not have any
thing to do with reality.
The inverse problem of MMNDT is more complicated. It is described by Eq. (1), in which the mag
netization is unknown not only inside the product but also in its surface, since it is unknown, which type
of defect, viz., surface or internal defects, create the measured field. Moreover, precisely the shape of the
product and, namely, the size of the defect are of interest. Therefore the inverse problem of MMNDT is
described by the following equation:
Az(s, x) = u(x), (4)
where A is some unknown operator, whose form depends on the form of a ferromagnetic surface; u(x) is a
known function measured in a finite, albeit in a very large number of points; and z(s, x) is an unknown
function that must be calculated.
As was already indicated above, this kind of a problem, as well as an equation with two unknowns, gen
erally has an infinite set of solutions. One can tell from the viewpoint of MMNDT that this problem does
not have a solution at all.
To understand the consequences of this difficulty, which is fundamental in terms of mathematics, let
us examine Fig. 1, which illustrates the monitored product in the form of a planeparallel plate with
defects. Magneticfield measurements are carried out along the line 1–1. Suppose that measurements of
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Fig. 1. A planeparallel plate.
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the normal component of the field are carried out in an arbitrarily large number of points with unrestrict
edly high accuracy. It is known from mathematical physics that knowing the field at infinity, which is equal
to the magnetization field H0, one can calculate the field, i.e., any of its components, in the entire space
above the line 1–1. This field will be the same if dipoles with a dipole moment of d1 = Hy(x, y1) are
arranged on the line 1–1, but it is impossible to calculate the field below the line 1–1, since the field at the
boundary of the monitored product is unknown.
If the Hycomponent of the field is measured along the line 2–2, then the field above this line can be
calculated. It will be the same as if dipoles with a dipole moment of d2 = Hy(x, y2) are arranged on the line
2–2. The fields of the dipole d1 and d2 will be absolutely equal in all the points above the line 2–2. We are
faced, apparently, with a very simple problem. We know that the field is created either by the dipoles d1 or
dipoles d2. The dipole moment value of these dipoles is known. The problem is to determine by which
dipole, d1 or d2, it is created by measuring the field along the line 3–3. As follows from the above, it is
impossible to determine. This kind of an inverse problem has no solution and is totally incorrect. In order
to formulate the problem of MMNDT correctly, it is necessary to make some additional assumptions.
2. SURFACE MONITORING
The inverse problem for monitoring the surface of a ferromagnetic item was formulated in [7–9]. To
the best of our knowledge, these are the only works in which the inverse problem of MMNDT is really
formulated.
We offer another formulation of the inverse problem for monitoring the surface of a ferromagnetic
item, which allows one to avoid the problems that were described in Section 1. This formulation will be
written for a twodimensional case. To generalize it to three dimensions is not difficult.
Technically, surface monitoring is much simpler than monitoring an entire manufactured article. This
is due to the fact that the need for magnetization of the entire article is avoided; the use of attached mag
nets that always weigh hundreds of pounds, consume large currents, and significantly increase the cost of
a defectoscope system complicates the monitoring procedure. It is much easier to monitor the surface by
the scheme shown in Fig. 2.
Due to the fact that the field inside an unsaturated ferromagnet is proportional to 1/μ, and at the same
time the absolute magnetic permeability is high (μ ≈ 1000), it can be argued that the magnetic field inside
the ferromagnet is very low. On account of the continuity of the tangential component of the magnetic
field at the boundary, it will be close to zero on the entire ferromagnetic surface. The continuous tangential
component of the magnetic field means that the surface of an item is equipotential, i.e., it has a constant
magnetic potential. Since the potential is determined with an accuracy that lies within a constant value,
then
ϕ = ϕ0 + ϕL = 0, or ϕL = –ϕ0 (5)
where ϕ is the full potential of the magnetic field produced by the magnetizing device and magnetization
of the ferromagnetic material; ϕ0 is the potential of the magnetizing device, which is known; and ϕL is the
potential created by magnetization of the ferromagnet.
1
2
3
Fig. 2. The scheme of the monitoring: 1 is a magnet, 2 is a plate with a surface defect, and 3 is the line of monitoring.
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Let us assume that the equation of the ferromagnet boundary, y1 = y1(x1), is identified. In this case, it
is possible to reproduce the potential ϕL(x, y) in the entire space outside the ferromagnet via the known
potential ϕL on the boundary. This problem is called the Dirichlet problem; it is expressed by the following
formula:
(6)
The derivative with respect to the surface normal is expressed as follows:  = cosα  + sinα
cosα =  sinα =  and dl = (1 + )1/2dx1. After applying these relationships, Eq.
(6) for values of the potential ϕL(x, y0) on the line of measurement, y = y0, takes the following form:
(7)
In practice, it is not the potential that is measured but rather one of the components of a magnetic field,
whose value can be obtained by differentiating Eq. (7) with respect to the x or y coordinate. The formulas
that are derived from differentiation are not given in this paper, since our goal was to show how the inverse
problem of establishing the presence of a defect and determining its dimensions for a particular case of the
item surface monitoring can be reduced to wellstudied problems in geophysics that are solved using non
linear integral equations.
As a result we obtain a nonlinear integral equation in the form
(8)
where u(x, y0) is the x or ycomponent of the magnetic field measured on the line y = y0; u0(x, y0) is the
xor ycomponent of the magnetic field created by the magnetizing device; and K(…) is a known function.
This integral equation is more complex than those that arise in geophysics, since there is a rather com
plicated function, ϕ0, under the integral, which equals a constant in problems of geophysics. However, the
general methods for the solution of incorrect inverse problems, which are described by nonlinear integral
equations, are also applicable to Eq. (8) as well.
Thus, we have redefined the problem of determining the geometric parameters of surface defects by
using the additional statement that the magnetic potential on the surface of a ferromagnetic item or the
tangential component of a magnetic field equals zero. This allowed us to obtain Eq. (8).
3. ON THE REDEFINITION OF THE INVERSE PROBLEM OF MAGNETOSTATICS 
FOR SOME DEFECT CLASSES
The incorrect inverse problem of magnetostatics can be redefined only on the ground of physical con
siderations derived from a deep understanding of physical principles of the formation of defect fields in
ferromagnetic materials, whose magnetic permeability (magnetic induction and magnetization) nonlin
early depends on the magnetic field.
Taking the nonlinear properties of ferromagnetic materials into account is fundamentally important.
For example, the Zatsepin–Shcherbinin formula, which describes the fields of defects that appear in the
form of a rectangular groove with a large degree of accuracy, is well known in the theory of magnetic fields.
This formula is derived on the basis of the assumption that the magnetization is constant along the lateral
faces of a defect. It was shown in [16–17] that this is true, but primarily due to the nonlinear dependence
of the magnetic permeability on the magnetic field.
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Let us consider the problem of determining the radius and location of a defect in the form of an infi
nitely long cylinder with a circular cross section. This is the simplest problem from the standpoint of the
MMNDT requirements. The inverse problem allows one to understand issues that arise when solving this
kind of problem.
The magnetic field, H, in the linear ferromagnetic medium is described by the equation
divH = 0. (9)
The solution of this equation for an infinitely long cylinder with the circular section appears in the form
H = H0 + H0a2f(x, y), (10)
where a is the radius of a defect and f(x, y) is a function that describes the dependence of a field on the
coordinates for a dipole that is located at the origin of coordinates.
By measuring the magnetic field at three points, we obtain a system of three nonlinear algebraic equa
tions for the three unknowns, a, x, and y, from which the radius and coordinates of a defect can be deter
mined unambiguously. The latter statement about unambiguous determination follows from the physical
meaning of these equations. In fact, a quadratic equation with one unknown, for example, has two solu
tions.
The magnetic field, H, in a nonlinear ferromagnetic medium is described by the equation with a non
zero right side,
divH = –divM. (11)
By analogy with electrostatics, the quantity–divM is called the volume magnetic charge.
Our theoretical studies, which are not presented here, allow one to conclude that the nonlinearity of a
real ferromagnetic medium does not change the dipole nature of the field of a cylindrical defect with a cir
cular cross section, which can be described by the following function:
Hd ~ (12)
where  is some effective field and a' is the radius of a defect, whose value depends on the magnetization
curve of a particular ferromagnet.
Therefore, by measuring the field in three points and solving the system of three nonlinear algebraic
equations, we can determine the effective radius of a defect. To determine its real radius, one needs to
know the functional dependence of the effective radius on the external field for this particular ferromag
net. To determine this relationship, it is necessary to solve Eq. (11), i.e., to solve the direct problem.
Let us assume that this was successfully done. Then, the problem of determining the radius of a defect
and its location in terms of mathematics is reduced to a system of three nonlinear algebraic equations with
three unknowns. Thus, by reducing the inverse problem of determining the geometric parameters of a
defect in the form of an infinitely long cylinder with a circular cross section to Eq. (12), we have accom
plished the redefinition.
However, this task is still incorrect for all ordinary purposes, since measurement errors can significantly
affect the accuracy of the values that are obtained as a result of calculations. Let us explain this issue by
giving the example of solving the following quadratic equation with one unknown:
ax2 + bx + c = 0. (13)
The coefficients a, b, and c in this equation are determined experimentally with some error. Let the true
values of these coefficients be such that the discriminant d = b2 – 4ac = 0. Obviously, even a small error of
measurement may lead to the case where the discriminant value d < 0, i.e., to the conclusion that there is
no solution at all.
Thus, even the simplest MMNDT inverse problem of determining the geometric parameters of an infi
nitely long cylinder with a circular cross section in a linear ferromagnetic medium, which is described by
Eq. (10), is incorrect and requires the use of a complex mathematical apparatus for its solutions. In reality,
the problem of determining the location and magnitude of a dipole moment is related to the magnetic
location of submarines or metal objects in a human body. An extensive literature is devoted to this prob
lem, but the ultimate solution has still not been found. But is there any need to follow this path? Is there
any demand for solving the inverse problem?
H0' a'
2
f x y,( ),
H0'
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4. A PHENOMENOLOGICAL APPROACH TO SOLVING THE INVERSE PROBLEM
As a consequence of the above discussion, an important conclusion can be made that the inverse prob
lem is possible to solve only on the basis of careful study of the direct problem and, most importantly, on
the basis of a deep understanding of the physics of the process under investigation. This statement is not
new; it is wellknown to geoscientists and is apparent to experts in the field of MMNDT.
Experimental and theoretical studies on field defects were reported in [16–21]. Unfortunately, all the
significant results in this area date back to the last century. It is difficult to pick out any noteworthy results
that were obtained in the last 20 years.
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Fig. 3. The Hxcomponent of the magnetic field of a defect in a manufactured article of different steel grades, as follows:
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Fig. 4. The Hxcomponent of the magnetic field for different types of a defect cross section, as follows:
 is for a circle;
 is for a square;
 is for a hexagon;
 is for a triangle;
 is for a polygon.
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Modern computers and existing software packages allow one to calculate the fields of real defects in
real ferromagnets with a high level of accuracy. Based on the results we have obtained, some important
conclusions can be made regarding a solution of the inverse problem of MMNDT.
The dependence graphs of the xcomponent of the field of a cylindrical defect with a circular cross sec
tion on the coordinate x for a planeparallel plate are shown in Fig. 3; evidently, the magnetic field
depends on the properties of the ferromagnetic material. The dependence curves of the Hxcomponent of
the magnetic field of a defect with a cross section in the form of a circle, square, hexagon, triangle, and
polygon on the x coordinate are given in Fig. 4. The defect fields are very close to each other, so it is
unlikely that the types of defects can be distinguished in the process of monitoring the object.
The three dependence curves of the maximal value of the field xcomponent on the depth of defect
occurrence for defects with various radii are given in Fig. 5a. Since vibrations between an item and mag
netizing device, between an item and sensor, as well as other noises of different physical natures, always
occur in the monitoring process, then the measured field of a defect differs from the true field and lies
within some interval. For the sake of certainty, let us assume that this random deviation does not exceed
±5%. Let the average measured value be equal to Hd1x (Fig. 5a). It is safe to say in this case that the radius
of a defect equals 1 mm and the defect depth level can be determined rather accurately.
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Fig. 5. The determination of defect parameters, that is: the dependence of the maximal value of the field xcomponent on
the of depth of defect occurrence for defects with various radii (a); the dependence of the distance between extremes of
the magnetic field ycomponent on the defect depth level (b); designation of lines by radii:
 is for 0.2;
 is for 0.5;
 is for 1.0.
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If the mean value of the measured field equals Hd2x, then the problem becomes more complicated. The
radius of a defect in this case cannot be determined via the measured field. It can be either 1 or 0.5 mm.
In order to determine the radius for this case, let us introduce an additional parameter, that is, the distance
between the extremes of the ycomponent of a magnetic field. The dependence of the distance between
the extremes of the magnetic field of the ycomponent, Δl, on the depth of defect occurrence is given in
Fig. 5b. The fact that Δl almost does not depend on the defect radius but is sensitive to the depth of defect
occurrence seems to be important. The depth of defect occurrence is determined from Fig. 5b as follows:
if it equals 1.2 mm, then the defect radius is 0.5 mm; if it equals 2.4 mm, then the defect radius is 1 mm.
At greater depths of defect occurrence , the problem is not in discriminating a defect with a radius of
0.5 mm from a defect with a radius of 0.2 mm, the question is whether it is possible to reveal these defects.
However, a defect with a diameter of 1 mm, is definitely unsafe and the item should be rejected as defec
tive, while the defect with a diameter of 0.4 mm may be acceptable.
Analyzing Figs. 5a and 5b, the following conclusions can be drawn:
1. Using the parameter Δl, the depth of defect occurrence can be determined quite accurately, even at
a measurement accuracy of ±20%, but it is impossible to determine the radius of a defect in this case.
2. The use of the two parameters, Hdx and Δl, allows one to determine the defect radius more precisely,
which is one of the main rejection parameters in a manufacturing site.
3. There are difficulties in determining the radii of defects at greater depths of defect occurrence.
CONCLUSIONS
The possibility of solving the inverse problem with the aid of mathematical tools, such as those that
have been developed for the purpose of geophysics, has been considered. Based on the results that were
reported in the present work, it can be argued that the inverse problem does not have a solution in such a
generalized statement as in Eq. (1), since, in order to determine the defect shape, it is necessary to know
the magnetization distribution inside a manufactured article, which in turn depends on the defect shape.
If the defect in an item is superficial, then a mathematical solution of the inverse problem is possible,
since in this case the surface of the item with a defect is known.
For internal defects, in our opinion, the only possible way to solve the inverse problem is the following:
To partition all of the defects into classes;
To find the characteristic attributes for each class, which would define belonging to a certain class; and
To determine the geometric parameters of typical defects from the selected classes by comparing the
measured field with the calculated field.
This approach has been demonstrated in this work based on the example of an elongated defect with a
cross section that is close to a circle. Indeed, for the rejection of a manufactured article as defective, often
it does not matter whether the defect cross section is a circle or square. It is important to know which part
of the working body of an item has failed. It is easy to perform similar analysis of the magnetic field for
defects with the spherical and closetospherical shapes. By partitioning the defects into classes, a data
base with values of the defect field parameters can be formed, which would allow one to determine the
approximate shape of a defect and its dimensions with an accuracy that does not exceed 10% of the item
thickness. 
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